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We study exact solutions for the slow viscous flow of an infinite liquid caused by two rigid spheres approaching along
their line of centres, valid at all separations. This goes beyond the applicable range of existing solutions which are
limited to the near-contact region of the flow. By use of a bipolar coordinate system, we give, for the first time, the
stream function for the flow as Re→ 0 and a formula for the hydrodynamic interaction force between the spheres as an
infinite series. We also derive the behaviour of the forces as the nondimensional separation goes to zero and infinity,
rigorously confirming and improving on known heuristic results relevant to a widely accepted lubrication theory. The
results also hold for retreating spheres, consistent with the reversibility of Stokes flow, and we recover the limit of a
sphere moving perpendicularly to a plane. We demonstrate how our results give rise to differences in dynamics when
implemented in numerical solutions to colloidal flow compared with existing methods. We also provide an efficient
way to compute the infinite series as a polynomial interpolant.
I. INTRODUCTION
Hydrodynamic interactions (HI) between bodies immersed
in viscous fluid have been shown to be important in mod-
elling many complex fluid phenomena in physics, biology
and engineering. For example, in suspensions of cornstarch
and other solid particles of micron sizes at high solid volume
fractions, the interplay between HI and particle contacts gives
rise to a sudden increase in viscosity with increasing shear
stress1,2. The HI also affect complex fluid behaviour across
length scales. At the small scale, the flow properties of sus-
pended particles in emulsions and gels have historically de-
termined their physical and chemical classification. In hemo-
dynamics, blood is a suspension of platelets, white cells and
high fractions of red cells in plasma, where fluidity and sta-
bility may be significantly altered during disease processes3.
On larger scales, the formation of topographical features un-
der sea water is due to turbidity currents, where both inertial
effects and slow motion of the suspensions are important4.
In terms of numerical modelling, such as dynamical density
functional theory formalisms for two dimensional colloidal
flow, the inclusion of HI is enough to alter the dynamics of
the density even when solving for dilute particle collections5.
The relevance and applicability of HI are therefore well
established in many fluid flow problems in science and en-
gineering. Many physical models for the flow of particles
accounting for such phenomena have largely varying spatial
scales which makes their computation challenging. Gener-
ally speaking, a numerical model that accurately predict com-
plexs fluid phenomena requires the full knowledge of the HI
between the suspended particles. To illustrate how they are
considered for suspension dynamics, we present a motivating
formalism of particle momentum equations for N spherically
symmetric hard particles. Consider the equation for a particle
a)Electronic mail: r.mills@ed.ac.uk
with velocity~vi
m~˙vi =−6piµrs
N
∑
j=1
a(~ni j)(~vi−~v j) · nˆi j⊗ nˆi j
+b(~ni j)(~vi−~v j) · (I− nˆi j⊗ nˆi j) (1)
for 1≤ i≤N, wherem is the mass of the particle, µ is dynamic
viscosity, rs is the sphere radius, nˆi j is the unit vector pointing
between particle i and particle j, I is the identity tensor and
~ni j is the vector pointing between the centre of sphere j to i.
Here a(~ni j) and b(~ni j) are the normal and tangential com-
ponents of the hydrodynamic interaction respectively as func-
tions of~ni j. A crucial observation is that in the diffuse system
limit, both a(·) and b(·) should decay to unity so that Stokes
law is recovered: the total force on particle i is proportional
to the instantaneous velocity relative to the flow. In particular
if~vi =~v j for all i, j then the total HI force on each particle is
zero.
For short range HI, current models use an asymptotic for-
mula for a(·) and b(·), as detailed in the next section, valid in
a ‘close’ region of particle separation, combined with an ar-
bitrary outer cut-off. It would be better to have a formula for
both a(·) and b(·) valid at all particle distances so that arbi-
trary cut-offs are avoided. This property is particularly desir-
able in continuum formalisms, where the HI appear as convo-
lution integrals with a separate additive Stokes term, meaning
the proper decay of these integrands are essential for accurate
numerical solutions. The b(·) valid at all particle separations
has been calculated, in the equal radii case, in6. The analytical
b(·) for two spheres of unequal radii has not yet been solved,
and is not considered here because we found that in this case,
the boundary equations to be solved for final a set of series
coefficients are an intractable system of coupled recurrence
equations.
We instead focus on a(·) and determine its exact solution
at all particle separations, which, to our knowledge, has not
been previously obtained. We restrict the calculations to two
non-rotating spheres of opposite velocities. By the linearity
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The Singular HI between Two Unequal Collinear Spheres 2
of Stokes equations however, the angular component of the
stream function for two approaching spheres rotating asym-
metrically may be linearly superimposed, and results for un-
equal velocities may be derived. The force formulas that are
now derived are useful for numerical applications since for
slow viscous flow the force is assumed to be proportional to
the instantaneous particle velocity.
A. History of Slow Viscous Flow Problems for Two Spheres
The singular hydrodynamic interaction computed in this pa-
per takes the general form of an infinite series. This is simi-
lar to previous exact solutions to problems for two spheres in
bipolar coordinates. It is, however, the boundary condition
choice, entire regime of validity and singular nature of the hy-
drodynamic interaction that distinguishes this from previous
works, described as follows.
The classical work concerning exact solutions for two
spheres with equal velocities in viscous flow was presented
by Stimson and Jeffery 7 . Our derivation uses the same for-
malism but with opposite and equal velocities, leading to the
singularity. In that paper7, there are two errata: for the first
equation of their section 4, the factor inside the square bracket
−(1−µ2) should be (1−µ2), secondly their equation (37) for
λ is defined as half the correct value as noted in8. Not long
after the result of7, Faxén 9 gave a value of the hydrodynamic
force on the two drafting spheres at contact. Both results have
since been validated by Bart 10 , who experimentally measured
the force on two equal spheres settling under gravity in vis-
cous fluid and showed good agreement with the theoretical
value. Later work11, adapting7, calculated the finite-size ef-
fects of a falling-sphere viscometer. Hence the chosen bipolar
formalism for exact solutions has good experimental valida-
tion as a method to compute flow around two spheres.
The subsequent history of the mathematical treatment of
viscous flow around two spheres can be divided into two
classes: exact and approximate. In the exact class, notable re-
sults are obtained by employing bipolar coordinates to solve
for the fluid velocity and hydrodynamic force. Boundary con-
dition cases include those due to O’Neill 12 , considering the
parallel motion of a sphere to a plane wall; O’Neill and Ma-
jumdar 13 treating the rolling and translating motion parallel
to a stationary sphere in viscous fluid; Goldman, Cox, and
Brenner 14 studying the motion of two spheres settling un-
der gravity; and finally Cox and Brenner 15 treating the mo-
tion of a sphere normal to a plane wall and considering the
asymptotic limits at small separations. The asymptotic meth-
ods presented in this paper are analogous to those in15, also
similar to a treatment by16, but therein the work is based on
the constants determined by Brenner 17 . The asymptotics in
the present work go beyond the statement that the O(1) term
cannot be obtained by asymptotic analysis (see18, chapter 7).
There have also been more recent studies and applica-
tions of the solutions arising from the bipolar coordinate
system, e.g., by Papavassiliou and Alexander 19 which con-
cerns the motion of a sphere in viscous flow near a convex
shell. For completeness the study of droplets should be men-
tioned too: Wacholder and Weihs 20 considered the exact so-
lution to Stokes equations both inside and outside spherical
droplets with equal settling velocities, and Haber, Hetsroni,
and Solan 21 generalised the former to two spherical droplets
of different viscosities. Both of these studies concern a non-
singular hydrodynamic interaction between droplets, which is
different to the present boundary condition choice.
In the approximate class lie techniques such as method of
reflections (a series solution best suited for widely separated
particles18) and lubrication theory (solving Stokes equations
directly by a perturbation expansion). Notable publications
are22 on which a popular reference for the singular hydrody-
namic force between two collinear spheres in viscous fluid18 is
based. The derivation by perturbation expansion in the latter,
apart from algebraic errors not affecting the final result, is not
valid as the sphere separation increases. This means arbitrary
truncations must be used for numerical implementation23.
The choice of location of the cut-off and convergence of the
truncated expressions remains mysterious. A fundamental as-
sumption shared by these formalisms is the choice of scaling
ratio between the cylindrical coordinates z/r ∼ ε1/2 defining
a singular perturbation problem, which has not been justified
until the analysis in the present work. In particular we show
this scaling is correct by expanding the bipolar coordinate sys-
tem and infinite series around the singular contact point.
An alternative approach is the multipole method. To do this
for our chosen sphere configuration, one would compute the
velocity and pressure fields using the method of reflections
around the two sphere centres, separated by a distance R. Us-
ing the addition theorems for spherical harmonics, the pres-
sure and velocity are written as linear combinations of Lamb’s
solutions to Stokes equations. However, this results in an in-
finite set of series coefficients for the velocity and pressure,
which are obtained only in the form of another series in R−1,
the coefficients of which satisfy known but non analytical re-
currence relations18. The method is by no means explicit,
only obtaining Taylor series representations of the velocity
and pressure fields and requires unavoidable computer alge-
bra. What is more, to compute the hydrodynamic force on two
spheres to a given accuracy will require ever more expansion
terms as R decreases, making the method computationally un-
favourable in the near contact limit.
B. Organisation of the Paper
This paper presents the rigorous derivation and asymptotic
analysis of the singular hydrodynamic interaction a(·) valid
for all non-contacting particle separations. In Section II we
provide the definition of the bipolar coordinate system. In
Section III we determine the stream function for the flow
around two converging or retreating spheres. In Section IV we
calculate the force, a(·), as an infinite series. In Section V we
derive rigorous small and large argument limits of the force, as
well as showing agreement with the perpendicular motion of a
sphere and plane. In Section VI we compare our results to the
widely used expressions determined by the method of mul-
tipole expansions. In Section VII we implement the results
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FIG. 1: Schematic of two unequal spheres of radii r1, r2
converging along their line of centres in viscous fluid.
Included in the diagram are the cylindrical and bipolar unit
vectors and the dimensional gap distance h and centre to
centre distance d. Note that η1 and η2 are implicit functions
of r1, r2 and d.
of this work in a numerical computation to show substantial
differences in flows compared with using existing expressions
for resistance functions for HI calculations. Finally, in Ap-
pendices A and B we provide useful formulae and present an
efficient way to compute the infinite series.
II. SPHERICAL BIPOLAR COORDINATES
The spherical bipolar coordinate system is a convenient
setting in which to apply the boundary conditions on both
spheres. The coordinate transformation from cylindrical co-
ordinates ~r = (r, z, θ) to spherical bipolar coordinates ~q =
(η , ξ , θ) is
z+ ir = iccot 12 (ξ + iη) (2)
where θ remains unchanged, i =
√−1 and c > 0 is a geo-
metrical constant. Every point in (r, z) space is represented
uniquely in (η ,ξ ) space, so long as ξ ∈ [0,pi], −∞ < η < ∞,
θ ∈ [0,2pi). Expanding the cotangent and equating real and
imaginary parts one obtains
z(η ,ξ ) = csinhηcoshη−cosξ , r(η ,ξ ) =
csinξ
coshη−cosξ . (3)
There is a one to one correspondence between~r and~q ex-
cept at the limiting points η = ±∞ where ξ is multivalued.
Geometrically this occurs when the spheres are vanishingly
small. As such, these points indicate the limit direction in
which to obtain classical Stokes drag. The surfaces η = con-
stant are non-intersecting coaxial spheres with centres at the
cartesian coordinates (r,z) = (0, ccothη) and radii c|cschη |.
Denoting the centre distance from sphere i to the origin O by
di and its radius by ri, we identify the bipolar ordinates defin-
ing sphere 1 and 2 as
coshη1 := d1r1 , coshη2 :=
d2
r2
.
Note that η1 > 0 and η2 < 0. The geometry is summarised in
Figure 1.
III. STOKES EQUATIONS
Consider the steady incompressible Navier-Stokes equa-
tions governing the evolution of the fluid velocity ~u and pres-
sure p in an unbounded domain Ω outside of the spheres:
Re(~u ·∇)~u=−∇p+∇2~u, ∇ ·~u= 0 (4)
where Re = ρUL/µ for U a characteristic velocity, L a char-
acteristic length, ρ the fluid density and µ the dynamic viscos-
ity. Here ρ and µ are assumed to be constant. For axisymmet-
ric flow the assumed existence of a stream function ψ permits
(4) to be recast into the inhomogeneous problem
1
RerL
2
−1ψ = ∂zψ ∂r( 1r2 L−1ψ)−∂rψ ∂z( 1r2 L−1ψ). (5)
The differential operator L−1 is a member of a class of
axisymmetric potential operators Lk := ∂ 2z + ∂ 2r + kr−1∂r for
k ∈ (−∞,∞), for which compact formulae hold. In par-
ticular, by use of the chain rule and the Cauchy-Riemann
equations for z and r, it is straightforward to obtain Lk =
r−kh−2[∂ξ (rk∂ξ )+ ∂η(rk∂η)]. Here h is the metrical coeffi-
cient arising from the transformation between coordinate sys-
tems, defined by h2 = (∂ξ z)2 + (∂ξ r)2 = (∂ηr)2 + (∂ηz)2 =
c2/(coshη − cosξ )2. After setting k = −1 the first approxi-
mation to the flow around Re= 0 yields the biharmonic equa-
tion subject to two no slip and two no flux conditions[
r
h2
(
∂ξ
(
r−1∂ξ
)
+∂η
(
r−1∂η
))]2
ψ = 0, in Ω (6)
ψ± Ur22 = 0, ∂n
(
ψ± Ur22
)
= 0 (7)
where the positive sign is taken on sphere 1 and the negative
sign on sphere 2.
A. Solution in Spherical Bipolar Coordinates
To solve the PDE (6)–(7) it is sufficient to write ψ =
ψ1 + zψ2 where L−1ψ1 = L−1ψ2 = 0. This ansatz may be
heuristically justified by reference to24. A solution for ψ1 is
found by
ψ1 = r1/2 f (ξ )g(η)
with
f ′′+(λ 2− 3
4sin2 ξ
) f = 0, g′′−λ 2g= 0
where λ 2 is a separation constant. The transformation f =
(ξ¯ 2−1)1/4 f¯ yields the Legendre equation
(1− ξ¯ 2) f¯ ′′−2ξ¯ f¯ ′+(λ 2−1/4− (1− ξ¯ 2)−1) f¯ = 0
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with order 1 and degree n = λ − 12 for n a non-negative in-
teger. Thus by various recurrence relations of the Legendre
functions and the principle of linear superposition, one has
ψ1(ξ ,η) =
∞
∑
n=1
[
an cosh(n+ 12 )η+bn sinh(n+
1
2 )η
] Qn(cosξ )√
coshη−cosξ
(8)
where Qn := Pn+1−Pn−1. It is elementary to see that the Qn
satisfy the ODE
(1− x2)Q′′n(x)+n(n+1)Qn(x) = 0 (9)
and the recursion relation
xQn(x) = n+22n+3Qn+1(x)+
n−1
2n−1Qn−1(x). (10)
Using equation (8) the stream function may be constructed as
ψ(ξ ,η) = (coshη− cosξ )−3/2 χ(ξ ,η),
χ(ξ ,η) :=
∞
∑
n=1
Qn(cosξ )Rn(η)
(11)
where
Rn(η) := an cosh(n+ 32 )η+bn sinh(n+
3
2 )η
+ cn cosh(n− 12 )η+dn sinh(n− 12 )η . (12)
For later, we provide the following useful relations
(2n+1)(1− x2)Pn(x) = n(n−1)2n−1 Qn−1(x)− (n+1)(n+2)2n+3 Qn+1(x),
(13)
2n+1
n+1 (1− x)2P′n(x) =−nQn(x) (14)
and the orthogonality conditions for the polynomials∫ 1
−1
Pm(x)Pn(x)dx= 22m+1δm,n,∫ 1
−1
Pm(x)Qn(x)dx= 22m+1δm,n+1− 22m+1δm,n−1
(15)
where δi, j is the Kronecker delta tensor.
B. Boundary Conditions
Now that the stream function is in the form (11), we com-
bine (7) with the expressions for r and z in (3) and rescale
the stream function ψ ∼ Uc2/2ψ ′ (immediately dropping
primes), where U is the instantaneous sphere velocity, to ob-
tain the transformed boundary conditions on sphere j
χ(ξ ,η j) = (−1)
j sin2 ξ
(coshη j−cosξ )1/2 , ∂ηχ(ξ ,η j) =
(−1) j sin2 ξ sinhη j
2(coshη j−cosξ )3/2 .
(16)
We proceed to find an, bn, cn and dn by using orthogo-
nality of the Pn. In the case of no slip, using the for-
mula for χ in (11) and integrating over the interval ξ ∈
[0,pi], the sum and integral signs may be commuted using
the dominated convergence theorem: Note that the truncated
quantity
∫
dξ |∑Nn=1Rn(η)Qn(ξ )Pm(ξ ) sinξ | ≤Cm|Rm+1(η)|
where the constantCm is independent of N. Writing x= cosξ
one obtains the integral
Im, j := (−1) j
∫ 1
−1
(1−x2)Pm(x)
(coshη j−x)1/2 dx
= 22m−1Rm−1(η j)− 22m+3Rm+1(η j) (17)
where we have used (15).
The integrals may be evaluated by consider-
ing the Newtonian potential (coshη j − x)−1/2 =
(ζ 2 + ζ ′2 − 2ζζ ′x)−1/2 = ζ−1∑∞k=0(ζ ′/ζ )kPk(x) where
ζ ′ = ζ−1/2, ζ = e(−1) j−1η j/2/
√
2. Using equation (13) with
(17) we find on sphere j
Im, j = (−1) j
√
2
∫ 1
−1
dx(1− x)2Pm(x) 1ζ
∞
∑
k=0
(
ζ ′
ζ
)k
Pk(x)
= (−1) j
√
2
∫ 1
−1
dxPm(x)
×
∞
∑
k=0
k(k+1)e(−1)
j(k+1/2)η j
2k+1
[
(k+2)Qk+1(x)
k(2k+3) −
(k−1)Qk−1(x)
(k+1)(2k−1)
]
= (−1) j
√
2
∞
∑
k=0
k(k+1)e(−1)
j(k+1/2)η j
2k+1
×
{
(k+2)
k(2k+3)
[ 2
2k+5δm,k+2− 22k+1δm,k
]
− (k−1)(k+1)(2k−1)
[ 2
2k+1δm,k− 22k−3δm,k−2
]}
where we have used (15). Distributing the sum we find
Im, j = (−1) j
√
2
∞
∑
k′=2
k′e(−1)
j(k′−1/2)η j
2k′−1
(k′+1)
(2k′+1)
× [ 22k′+3δm,k′+1− 22k′−1δm,k′−1]
− (−1) j
√
2
∞
∑
k′=−1
(k′+1)e(−1)
j(k′+3/2)η j
2k′+3
k′
(2k′+1)
× [ 22k′+3δm,k′+1− 22k′−1δm,k′−1]
where we have made the substitutions k= k′−1 and k= k′+1
for the former and latter sums respectively. After applying the
Kronecker deltas, we therefore find the equality
(−1) j2√2m(m+1)
2m+1
[
e(−1)
j(m−1/2)η j
2m−1 − e
(−1) j(m+3/2)η j
2m+3
]
= 22m−1Rm−1(η j)− 22m+3Rm+1(η j). (18)
For the no flux condition a similar dominating argument to
that above again permits the interchange of the sum and inte-
gral signs. Expediently the no flux condition may be obtained
by differentiating through (18) with respect to η j to find
√
2m(m+1)
2m+1
[
e(−1)
j(m−1/2)η j − e(−1) j(m+3/2)η j
]
= 22m−1R
′
m−1(η j)− 22m+3R′m+1(η j). (19)
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C. Linear System
With the boundary conditions in hand we define the right
hand side vector
~f := [− e−(n−1/2)η12n−1 + e
−(n+3/2)η1
2n+3 ,
e(n−1/2)η2
2n−1 − e
(n+3/2)η2
2n+3 ,
1
2 (e
−(n−1/2)η1 − e−(n+3/2)η1), 12 (e(n−1/2)η2 − e(n+3/2)η2)]T .
(20)
The unknowns~a= [an,bn,cn,dn]T are determined by inverting
the system of equations M~a= ~f , in particular
∆(n)an = (2n+3)
[
(2n+1)(n− 12 )(cosh2η1− cosh2η2)
− 2((2n−1)sinh(n+ 12 )(η1−η2)sinh(n+ 12 )(η1+η2)
− (2n+1)sinh(n+ 32 )(η1−η2)sinh(n− 12 )(η1+η2)
)]
,
(21)
∆(n)bn =−(2n+3)
[
(2n+1)(n− 12 )(sinh2η2− sinh2η1)
−2((2n−1)sinh(n+ 12 )(η1−η2)cosh(n+ 12 )(η1+η2)
−(2n+1)sinh(n+ 32 )(η1−η2)cosh(n− 12 )(η1+η2)
)
+4 · exp{−(η1−η2)(n+ 12 )}sinh(n+ 12 )(η1−η2)
+(2n+1)2 exp{η1−η2}sinh(η1−η2)
]
, (22)
∆(n)cn =−(2n−1)
[
(2n+1)(n+ 32 )(cosh2η1− cosh2η2)
+2
(
(2n+3)sinh(n+ 12 )(η1−η2)sinh(n+ 12 )(η1+η2)
+(2n+1)sinh(n+ 32 )(η1+η2)sinh(n− 12 )(η2−η1)
)]
,
(23)
∆(n)dn = (2n−1)
[
(2n+1)(n+ 32 )(sinh2η1− sinh2η2)
+2
(
(2n+3)sinh(n+ 12 )(η1−η2)cosh(n+ 12 )(η1+η2)
+(2n+1)cosh(n+ 32 )(η1+η2)sinh(n− 12 )(η2−η1)
)
+4 · exp{−(η1−η2)(n+ 12 )}sinh(n+ 12 )(η1−η2)
−(2n+1)2 exp{−(η1−η2)}sinh(η1−η2)
]
. (24)
Note that M is defined explicitly in the appendices, and we
have defined
∆(n) := (2n+1)(2n−1)(2n+3)√
2n(n+1)
× [4sinh2(n+ 12 )(η1−η2)− (2n+1)2 sinh2(η1−η2)].
(25)
These coefficients are distinct from those found by Stim-
son and Jeffery 7 because of the present choice in boundary
conditions. Note that the method here is generalisable in the
boundary conditions, demonstrating the utility of the coordi-
nate system. A corollary of the result is that the calculations
are valid for retreating spheres, since the change in boundary
conditions is equivalent to the permutation of two rows of M,
which amounts to a change in the sign of detM and thus a
global sign change on an,bn,cn,dn. This can also be seen as a
consequence of the reversibility of Stokes flow.
IV. THE FORCE EXPERIENCED BY THE SPHERES
Happel and Brenner 8 exact expression for the force on a
sphere in terms of the stream function in cylindrical coordi-
nates, namely
Fz = µpi
∫
S
r3 ∂n
(
L−1ψ
r2
)
ds (26)
where µ is dynamic viscosity, S is a meridian line of the
sphere and ds is an infinitesimal arc length measured in ra-
dians so that the resulting force is measured in Newtons. As-
suming the summand decays sufficiently quickly to permit the
interchange of the summation sign and two derivatives in ξ
and η , and by writing x= cosξ , and performing the ξ deriva-
tives explicitly, the nth term of the integrand in (26) (before
applying the normal derivative) takes the form[
L−1ψ
r2
]
n
= (coshη−x)
5/2
c4(1−x2)
[
Qn(x)
(
R′′n(η)
− 2sinhηcoshη−xR′n(η)+ 34 3x+coshηcoshη−x Rn(η)
)
+(1− x2)Rn(η)
(
Q′′n(x)+ 2coshη−xQ
′
n(x)
)]
. (27)
The infinitesimal line element of the integral (26) has a simple
explicit form due to the fact that the only contribution to the
line element is along dξ , in particular
r3ds=−c4 (1−x2)
(coshη−x)4 dx.
Finally the normal derivative in bipolar coordinates is given
by
∂n =−h−1∂η . (28)
We are now in a position to calculate the force given by (26).
For ease of notation, we reformat (27):[
L−1ψ
r2
]
n
= (coshη−x)
5/2
c4(1−x2)
[
R′′n(η)Qn(x)
− 2sinhηcoshη−xR′n(η)Qn(x)+ 34 3x+coshηcoshη−x Rn(η)Qn(x)
+(1− x2)Rn(η)Q′′n(x)+ 2coshη−x (1− x2)Rn(η)Q′n(x)
]
.
(29)
Computing h−1∂η(·) for each of these terms is straightfor-
ward, but we make the following remarks. For the third term,
it is useful to rewrite coshη = −3coshη + 4η in the numer-
ator. For the fourth term we use the ODE (9) to write Q′′n(x)
in terms of Qn(x). For the fifth term, we retain Q′n(x) and use
integration by parts. Finally multiplying the resulting terms
by r3ds and manipulating one obtains
Fz =
∞
∑
n=1
f1(n)+ f2(n)+ f3(n)+ f4(n)
where
f1 :=
∫ 1
−1
dx Qn(x)
(coshη−x)1/2
[
−R(3)n (η)+ 94R′n(η)+n(n+1)R′n(η)
]
,
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f2 :=
∫ 1
−1
dx Qn(x)
(coshη−x)3/2
[− 12R′′n(η) sinhη− coshη R′n(η)
+ 218 sinhη Rn(η)+
5
2n(n+1)sinhη Rn(η)
]
−
∫ 1
−1
dx
[ n+2
2n+3Qn+1(x)+
n−1
2n−1Qn−1(x)
] 4R′n(η)
(coshη−x)3/2 ,
f3 :=
∫ 1
−1
dx Qn(x)
(coshη−x)5/2
[
3sinh2η R′n(η)
− 92 sinhη coshη Rn(η)
]
−
∫ 1
−1
dx
[ n+2
2n+3Qn+1(x)+
n−1
2n−1Qn−1(x)
] 6 sinhη Rn(η)
(coshη−x)5/2
+
∫ 1
−1
dx
[
− (n+2)(n+3)(2n+3)(2n+5)Qn+2(x)+ 2n(n+1)(2n−1)(2n+3)Qn(x)
− (n−1)(n−2)(2n−1)(2n−3)Qn−2(x)
]
× 3R′n(η)
(coshη−x)5/2 ,
f4 :=
∫ 1
−1
dx
[
− (n+2)(n+3)(2n+3)(2n+5)Qn+2(x)+ 2n(n+1)(2n−1)(2n+3)Qn(x)
− (n−1)(n−2)(2n−1)(2n−3)Qn−2(x)
]
15sinhη Rn(η)
2(coshη−x)7/2 .
The exact evaluation of each of the above integrals is detailed
in Appendix A, in particular by use of the functions Ip/2.
Now by redimensionalising the stream function, substituting
the explicit formulae for corresponding Ip/2 and the expres-
sion for Rn(η) in (12) and simplifying one obtains the dimen-
sional force experienced by either sphere
F 1z =−
√
2cpiµU
∞
∑
n=1
(2n+1)(an+bn+ cn+dn), on sphere 1
(30)
F 2z =
√
2cpiµU
∞
∑
n=1
(2n+1)(−an+bn− cn+dn), on sphere 2.
(31)
Note that nowhere in such a calculation is any information on
the an, bn, cn, dn required. In particular, alternative boundary
condition choices amount to a different linear system to be
solved and a redefinition of these series coefficients.
V. SMALL & LARGE ARGUMENT LIMITS
We divide this section into two cases: nondimensional sep-
aration going to zero and to infinity. First we identify a small
parameter.
A. Small Parameter
Taking care that η2 < 0, we have by the geometric proper-
ties of the bipolar coordinate system
r1 sinhη1+ r2 sinhη2 = 0, d = r1 coshη1+ r2 coshη2,
(32)
where d is the centre to centre distance of the spheres. The
equations (32) constitute a coupled pair of transcendental
equations in η1,η2. The determinant of the Jacobian asso-
ciated to the system (32) is always positive because sinh(η1−
η2)> 0 and, given d,r1, and r2, it may be solved using a New-
ton iteration scheme. In the case r1 = r2 we may find η1 (and
η2) explicitly. As d approaches r1+ r2 one obtains
r1η1+ r2η2 ∼ 0, d ∼ r1(1+ η
2
1
2 )+ r2(1+
η22
2 ). (33)
Noting that r1 + h+ r2 = d, the system may be solved with
ε = η
2
1
2
β+1
β where ε = h/r1 and β = r2/r1. Thus we see,
with an abuse of notation, by setting a = r1 and b = r2 that
the gap distance may be written in terms of the average of
the radii: aε = η21 (a+b)/2. This illuminates the relationship
between the present small parameter η1 and the lubrication
theory small parameter ε22.
B. Small Argument Behaviour
We would like to examine the singular behaviour as d ap-
proaches r1 + r2 for unequal spheres. Firstly it will be seen
that the limit |η j| ↘ 0 for both j = 1,2 may not be commuted
with (30), (31) because a divergent series is obtained despite
(for physical reasons) the limit being well posed. This limit of
the infinite series is hereby treated as a matched perturbation
problem of Van Dyke type (see Hinch 25 ), whereby two series
overlap in a shared regime of validity. We consider sphere 1
(a similar method can be applied to sphere 2), let N be a large
positive integer and nondimensionalise F 1z . We now write
F 1z =Fs+Fr with
Fs :=− sinhη13√2
N
∑
n=1
(2n+1)(an+bn+ cn+dn),
Fr :=− sinhη13√2
∞
∑
n=N+1
(2n+1)(an+bn+ cn+dn).
(34)
With this decomposition the difficulties arising in the limit
η1 → 0 may be avoided with proper care of the asymptotic
parameter, summation index n and the introduction of an in-
termediate variable in the shared regime of validity between
Fs and Fr. For the remaining calculations we set α = η1,
η2 = −β−1α and proceed rigorously to the small limit by a
parallel analysis to the asymptotic results of Cox and Bren-
ner 15 .
Starting with Fs we write all the hyperbolic functions as
power series in α obtaining
Fs = α−2f1+ f2+αf3+O(α2) (35)
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where
f1 =
128β 3
(1+β )3
N
∑
n=1
n(n+1)
(2n−1)2(2n+1)(2n+3)2 ,
f2 =
32β
15(1+β )3
N
∑
n=1
n(n+1)(15+12n+12n2)
(2n−1)2(2n+1)(2n+3)2
+ 32β
2
15(1+β )3
N
∑
n=1
n(n+1)(−15+84n+84n2)
(2n−1)2(2n+1)(2n+3)2
+ 32β
3
15(1+β )3
N
∑
n=1
n(n+1)(25+12n+12n2)
(2n−1)2(2n+1)(2n+3)2 ,
f3 =− 8(β
3+3β 2)
3(1+β )3
N
∑
n=1
n(n+1)
(2n−1)(2n+3) .
One may sum f1 by expressing its summand in partial frac-
tions and telescoping the resulting expression
N
∑
n=1
n(n+1)
(2n−1)2(2n+1)(2n+3)2 =
N
∑
n=1
1
64
[
1
(2n−1)(2n+1) − 1(2n+1)(2n+3)
]
+ 3128
[
1
(2n−1)2 − 1(2n+3)3
]
= 164
[
1
3 − 1(2N+1)(2N+3)
]
+ 3128
[
10
9 − 1(2N+1)2 − 1(2N+3)2
]
. (36)
Therefore we have
f1 = [4− 2(2N+1)(2N+3) −3[ 1(2N+1)2 + 1(2N+3)2 ]]
β 3
(1+β )3
and hence f1 =
4β 3
(1+β )3 +
2β 3N−2
(1+β )3 as N→ ∞.
Now notice that f2 may be rewritten into the form
f2 =
3·32β
15(1+β )3
N
∑
n=1
n(n+1)((2n−1)(2n+3)+8)
(2n−1)2(2n+1)(2n+3)2
+ 21·32β
2
15(1+β )3
N
∑
n=1
n(n+1)((2n−1)(2n+3)+8− 12021 )
(2n−1)2(2n+1)(2n+3)2
+ 3·32β
3
15(1+β )3
N
∑
n=1
n(n+1)((2n−1)(2n+3)+8+ 103 )
(2n−1)2(2n+1)(2n+3)2 . (37)
By use of the identity
n(n+1)[(2n−1)(2n+3)+8]
(2n−1)2(2n+1)(2n+3)2
= 332(2n−1) +
1
16(2n+1) +
3
32(2n+3) +
8n(n+1)
(2n−1)2(2n+1)(2n+3)2 (38)
we may sum (37) explicitly. Notice that the last term on the
right hand side of (38) is repeated from contributions to f1.
Observe too the identities
N
∑
n=1
1
2n+1 =
N
∑
n=1
1
2n−1 −1+ 12N+1 ,
N
∑
n=1
1
2n+3 =
N
∑
n=1
1
2n−1 − 43 + 12N+1 + 12N+3 .
Thus all contributions to f2 may be written in terms of
∑Nn=1(2n−1)−1 and f1, the former of which may be dealt with
by asymptotics of partial summation expressions of the natu-
ral logarithm. Summing the identity (38) from n= 1 to n= N
one obtains
N
∑
n=1
n(n+1)[(2n−1)(2n+3)+8]
(2n−1)2(2n+1)(2n+3)2 =
1
4
N
∑
n=1
1
2n−1 − 316
+ 532(2N+1) +
3
32(2N+3) − (1+β )
3
16β 3 f1. (39)
So that f2 may be summed with use of f1
f2 =
32
15(1+β )3 [3β +21β
2+3β 3]
[
1
4
N
∑
n=1
1
2n−1 +
1
16
]
+ 3215(1+β )3 [−120β 2+10β 3]+O(N−1).
Now from asymptotic expansions for large argument of the
polygamma function, ∑Nn=1
1
2n−1 ∼ 12 (γ + logN) + log2 +
1
48N2 +O(N
−4) as N → ∞, where γ is the Euler-Masheroni
constant. Thus we have
f2 =
32
15(1+β )3 [3β+21β
2+3β 3][ 18 (γ+ logN)+
1
4 log2+
1
16 ]
+ (−120β
2+10β 3)
15(1+β )3 +O(N
−1)
as N→ ∞.
Now consider f3, by the identity
n(n+1)
(2n−1)(2n+3) =
1
4 +
3
16
[ 1
2n−1 − 12n+3
]
and summing between n= 1 and N and telescoping we obtain
f3 =− 8(1+3β )3(1+β )3
[N
4 +
1
4 +O(N
−1)
]
(40)
as N→ ∞.
Now for Fs all that remains is to order the error estimates.
Returning to the decomposition (34) we observe that N is large
and chosen such that in the shared regime of validity N =
O(α−1) for the singular part, and N = O(α0) for the regular
part. Since the former estimate holds for all n ≤ N we must
have N → ∞ as α → 0. Also by taking α to zero the tail Fr
vanishes andFs is an ever better infinite series approximation
ofF z1 . Note that the integer N is arbitrary and must not appear
in the final form, but it is permissible that Fs and Fr may
depend on N on their own. Typical of matched asymptotic
problems the index N is implicitly a function of α , the natural
choice being N = δα−(1−θ) for some 0 < θ < 1 with both
δ , θ independent of α . With this, N lies in the overlapping
region and increases as α decreases what is more, we have
N−1 = O(α1−θ ) = o(1) since 0 < θ < 1. One also has αN =
O(αθ ) = o(1). Finally note that O(α) is higher than o(1)with
respect to α and may be neglected. Thus
Fs ∼ 4β
3α−2
(1+β )3 +
4β (1+7β+β 2)
5(+β )3
[
logN+ γ+2log2+ 12
]
+ (−120β
2+10β 3)
15(1+β )3 +
2α−2N−2β 3
(1+β )3 +o(1). (41)
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ForFr the key idea here is to transform to a Riemann sum
and hence to approximate it by an integral. Here the summa-
tion index is getting larger while α is going to zero so it is
natural to introduce the intermediate variable x = nα where
α → 0 with x fixed making n→ ∞. With this Fr takes the
form
Fr =− sinhα3√2
∞
∑
x=nα
n=N+1
(2n+1)(an+bn+ cn+dn).
Expanding the summand for x fixed and α small one obtains
Fr =
2
3 (1+O(α))
∞
∑
x=nα
n=N+1
α f (x)g(x) (42)
where
f (x) :=−β 2+β 2(2x2+2x+1)e
2(β+2)x
β − e
2x
β (β 2+2x2−2βx)
+ e
2(β+1)x
β (β 2+4(β +1)x3+2(β +1)2x2+2β (β +1)x)
g(x) := β 2−2e
2(β+1)x
β (β 2+2(β +1)2x2)+β 2e
4(β+1)x
β .
Note that the summand is implicitly indexed by n through the
variable x. Note also that α = (n+1)α−nα = xn+1− xn =:
δx. Thus
Fr =
2
3 (1+O(α))
∞
∑
x=X
f (x)
g(x)δx (43)
where X is the intermediate variable defined such that N is
the positive integer first less than X/α . Thus α → 0 implies
X → 0.
Referring to Euler-Maclaurin26 one has
∞
∑
x=X
f (x)
g(x)δx=
∫ ∞
X
f (x)
g(x) dx+
α
2
[
f (∞)
g(∞) +
f (X)
g(X)
]
+α
∞
∑
k=1
B2k
2k!
[(
f
g
)(2k−1)
(∞)−
(
f
g
)(2k−1)
(X)
]
(44)
where Bm is the mth Bernoulli number. It is now of importance
to know the behaviour of the the function l(x) := f/g(x) at
x = 0 and x = ∞. It is not hard to see that l(x)→ 0 as x→ ∞
due to the presence of the fourth exponential power in g(x).
Now as x→ 0 one has
l(X) = 6β
3
(1+β )3X3 +
6β (1+7β+β 2)
5(1+β )3X −
3β 2+β 3
(1+β )3 +O(X). (45)
Therefore limiting the summation (43) to the integral via
Euler-Maclaurin one has
∞
∑
x=X
f (x)
g(x)δx∼
∫ ∞
X
l(x)dx+α 6β
3
(1+β )3X3
+α 6β (1+7β+β
2)
5(1+β )3X −α
3β 2+β 3
(1+β )3 +O(α X) (46)
where we have deemed the boundary term at infinity and terms
of high order derivatives of l(x) at infinity negligible, the lat-
ter of which may be justified by the persistence of the term
exp(4kx) in the denominator at the kth derivative of l(x). Ad-
ditional terms in the regular expansion Fr may be obtained
by considering the terms l(k)(X).
Since X → 0 as α → 0 it is natural to decompose the in-
tegrand in (46) into its small arguments, and the presence of
log2 in (41), suggests cutting the domain of integration as fol-
lows∫ ∞
X
l(x)dx=
∫ ∞
1
k(x)dx+
∫ 1
X
j(x)dx
+
∫ 1
2X
6β (1+7β+β 2)
5(1+β )3t dt+
∫ ∞
X
6β 3
(1+β )3x3 dx (47)
where t = 2x, j(x) := l(x) − 6β 3
(1+β )3x3 −
6β (1+7β+β 2)
5(1+β )3x and
k(x) := l(x)− 6β 3
(1+β )3x3 . The third and fourth integrals in (47)
are evaluated as∫ 1
2X
6β (1+7β+β 2)
5(1+β )3t dx=−
6β (1+7β+β 2)
5(1+β )3 (log2+ logX),∫ ∞
X
6β 3
(1+β )3x3 dx=−
3β 3
(1+β )3 X
−2.
For the first two integrals, note that
∫ 1
X j(x)dx =
∫ 1
0 j(x)dx−∫ X
0 j(x)dx and that j(x) = O(x) as x→ 0 so that
∫ X
0 j(x)dx =
O(X) as α→ 0. Thus upon defining the constants (depending
on β )
C1 =
∫ ∞
1
k(x)dx, C2 =
∫ 1
0
j(x)dx (48)
all the expanded leading terms ofFr have been integrated.
It is elementary to show that both C1 and C2 are finite. For
C1, the contribution proportional to x−3 converges on [1,∞]
and l(x) decays exponentially as x→ ∞. For C2, we have the
power series expansion as x→ 0
j(x) =− 3β 2(3+β )
(1+β )3 +
4(8−19β+8β 2)x
175β (1+β ) +O(x). (49)
Therefore j(x) is a continuous function at zero, moreover it is
continuous on a closed interval and hence there must exist a
finite bound M > | j(x)| so that C1 <M. Therefore taking all
the contributions together and with X = Nα fixed
Fr ∼ 23 (C1+C2)− 4β (1+7β+β
2)
5(1+β )3 (logX+ log2)−
2β 3
(1+β )3 X
−2
+O(αX−3)+O(αX−1)+O(α) (50)
as α → 0. Now by adding together (41) and (50) one sees
that by writing logN = logX − logα the logX terms cancel.
Similarly with X = Nα the O(N−2α−2) terms cancel leaving
the final expression forF as α → 0
F ∗z =
4β 3
(1+β )3α
−2− 4β (1+7β+β 2)5(1+β )3 logα+K1+o(1) (51)
where K1 =
4β (1+7β+β 2)
5(1+β )3 (γ + log2 +
1
2 ) +
(−120β 2+10β 3)
15(1+β )3 +
2
3 (C1+C2). In Eulcidean units the force on sphere 1 reads
F ez =
2β 2
(1+β )2 ε
−1− 2β (1+7β+β 2)5(1+β )3 logε+K2+o(1) (52)
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TABLE I: Comparison of exact and approximate
nondimensional forces with r2/r1 = 5.
h Centre DistanceDiameter F
1
z ·104 −F 2z ·103 F ∗z ·104 Fz ·104
sphere 1 sphere 2 sphere 1 sphere 1
0.0001 3.0000 0.6000 1.3896 2.7801 1.3896 1.3894
0.0212 3.0106 0.6021 0.0069 0.0148 0.0069 0.0068
0.1008 3.0504 0.6101 0.0017 0.0043 0.0017 0.0015
0.3217 3.1609 0.6322 0.0007 0.0023 0.0007 0.0005
1.1291 3.5646 0.7129 0.0003 0.0016 0.0003 0.0001
9.9660 7.9830 1.5966 0.0002 0.0011 0.00004 -0.0001
∞ ∞ ∞ 0.0001 0.0010 - -
where where K2 =
4β (1+7β+β 2)
5(1+β )3 (γ +
1
2 + log2+
1
2 log
2β
1+β )+
(−120β 2+10β 3)
15(1+β )3 +
2
3 (C1+C2).
A comparison between the exact and asymptotic formulae
presented here and the lubrication theory18 is summarised in
Table I and Figure 3 by defining the ‘lubrication theory’ for-
mula
Fz :=
2β 2ε−1
(1+β )2 −
2β (1+7β+β 2)
5(1+β )3 logε. (53)
We have truncated this expression to log(·), omitting terms
equal to and higher than ε logε because they are based on the
expansion of a stream function at r=∞without proper control
of the convergence of the resulting integral used to compute
Fz. The exact solution as well as its interpolant (see Appendix
B) produces a hydrodynamic force varying smoothly between
the small and large argument limits, as seen in Figure 2a for
two equal spheres. The force calculated from the asymptotic
formula (52) deviates from the exact solution and becomes
unphysical at large separation, as expected. However, from
Figure 2a (with inset), we observe that our asymptotic for-
mula F ∗z agrees more closely with the exact formula F 1z , in
particularF ∗z is barely visible on top of the black curve. This
is true even for distances up to one radius (r1) whilst Fz agrees
withF 1z only for distances less than one tenth of r1.
We also demonstrate the applicability of the exact and
asymptotic formulae to unequal spheres of various size ratios
in Figure 2b, 3a and 3b respectively. In each of these figures
h = d− r1− r2 is dimensional. We remark that in Figure 2b
we see the magnitude of the force on either sphere for differ-
ent radii ratios and note that as α → 0 the forces are equal
and opposite, that is once the curves are scaled by the same
Stokes constant they collapse onto each other for all r2/r1 > 0.
This may be seen by repeating the analysis of Subsection V B
on sphere 2; one findsF 2z /(6piµUr2)∼−4β 2/(1+β )3α−2.
The force magnitude, however, increases as the radii ratio
increases; see Figure 3a. The relative error for the present
asymptotic formula in Figure 3b (51) improves monotonically
as r2/r1 becomes larger. This was observed to hold for ever
larger ratios (not shown for clarity).
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h/r1
10-2
10-1
100
101
102
103
F
/6
pi
µ
r 1
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Nondimensional Hydrodynamic Force
4.4 4.5 4.6
×10-3
112
114
116
(a) A comparison of the force for equal spheres r1 = r2. F 1z (solid
black),F ∗z (red dot), Fz (blue dashed-dot) and a
Barycentric-Lagrange interpolant ofF 1z (magenta dashed, see
Appendix B). Inset: magnified view of each solution as h/r1→ 0.
10-4 10-3 10-2 10-1 100 101 102
h
101
102
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104
|F
j z
|/
6
pi
µ
r j
U
Nondimensional Hydrodynamic Force
r2/r1 = 1.2
r2/r1 = 2
r2/r1 = 5
r2/r1 = 12
(b) The hydrodynamic force on sphere 1 (black) and sphere 2 (red)
for different radii ratios r2/r1 ≥ 1.
C. Large Argument Behaviour
We note that for large separations it is sufficient to consider
the symmetric case η1 =−η2 =:α , since by the inner analysis
the force quickly decays for surface separations α not small.
To this end we consider the asymptotic behaviour of the series
sinhα
3
√
2
∞
∑
n=1
(2n+1)(bn+ cn)
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(a) The force on sphere 1 for different radii ratios r2/r1 ≥ 1. Exact
(solid), Fz (dashed-dot) andF ∗z (dot).
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Relative error
(b) The relative error to the exact force for each the two asymptotic
formulae, Fz (dashed-dot) andF ∗z (dot).
FIG. 3: A comparison of force formulae with varying radii
ratios. For exact unequal spheres (32) was solved
numerically to obtain corresponding η1, η2 ordinates before
summing the functionals (30), (31) truncating the infinite
series to within machine precision.
as α → ∞ since α is a proxy for sphere distance. Expanding
|F jz | in an infinite series of exponential functions we have
|F jz (α,−α)|
6piµUr j =
sinhα
3
∞
∑
n=1
n(n+1)
(2n+3)(2n−1)
sn(α)
tn(α)
where sn(α) = 8eα − 2(2n − 1)(2n + 3)e2α(n+1) +
(2n + 1)(2n − 1)e2αn + (2n + 3)(2n + 1)e2α(2+n) and
tn(α) = 2(eα − eα(4n+3))+(2n+1)(e2α(n+1)− e2αn). We
observe that the limit of the summand as α → ∞ exists
for each n and the resulting series can be dominated by a
second convergent series, thus the limit and the sum may be
commuted, giving
sinhα
3
∞
∑
n=1
n(n+1)
(2n+3)(2n−1)
Cn(α)
Dn(α) ∼
1
6
∞
∑
n=1
n(n+1)(2n+1)
2n−1 e
−2α(n−1).
(54)
Expanding the summation in (54) we have
e−2α |F jz (α,−α)|
6piµUr j ∼
∞
∑
n=1
n3e−2αn
3(2n−1) +
∞
∑
n=1
n2e−2αn
2(2n−1) +
∞
∑
n=1
ne−2αn
6(2n−1) .
We may bound this series in terms of known geometric and
logarithmic summations as follows
∞
∑
n=1
ne−2αn
3 +
e−2αn
2 +
e−2αn
6n
≤ e−2α |F
j
z (α,−α)|
6piµUr j ≤
∞
∑
n=1
n2e−2αn
3 +
ne−2αn
2 +
e−2αn
6 .
Summing these lower and upper bounds we find
e4α
3(e2α−1)2 +
e2α
2(e2α−1) − e
2α
6 log(1− e−2α)
≤ |F
j
z (α,−α)|
6piµUr j ≤
e4α1+e6α
3(e2α−1)3 +
e4α
2(e2α−1)2 +
e2α
6(e2α−1)
and upon taking the limit η1→∞ the sandwich theorem gives
lim
α→∞
|F jz (α,−α)|
6piµUr j = 1.
D. Reduction to a Sphere and Plane
The limit of the second sphere radius tending to infinity β =
r2/r1 → ∞ corresponds to a plane wall. It is of interest how
the present theory compares to existing formulae for the slow
motion of a sphere perpendicular to a plane wall. Consider the
formula (51). Assuming the limit exists one obtains
lim
β→+∞
F ∗z (α,β ) = 4α
−2− 45 logα+K3+o(1) (55)
where K3 := 45 (γ + log2) +
16
15 +
2
3 limβ→+∞(C1 +C2). The
first five terms in the expansion (55) differ from [2.45] of15 by
a total factor of two, originating from the motion of the plane
in our analysis. All that remains is to study C1+C2 under the
limit β →+∞. Observe that
lim
β→+∞
l(x,β ) = 4e
2xx2+4e2xx+2e2x−2
−2e2x(2x2+1)+e4x+1 =
sinh2x+2x
cosh2x−1−2x2 −1 (56)
which is precisely the integrand for the numerical constants
[2.43] of15. Therefore, up to errors of order O(β−1), the
sphere-plane limit is recovered exactly as β →+∞.
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VI. COMPARISON WITH EXISTING METHODS
In this section we compare this work to the existing avail-
able online methods27 and the widely used results of Jeffrey &
Onishi. Our main conclusions are that our results are signifi-
cantly more accurate and efficient, and our contribution goes
beyond existing results. In particular the results can not be re-
produced by existing online programs and contribute beyond
the expressions of Kim and Karrila. First, we have identified
an absence in the literature of the calculation in spherical bipo-
lar coordinates of the singular hydrodynamic force between
to unequal spheres in Stokes flow. In particular, it is widely
accepted that for two sphere problems, when tractable, us-
ing spherical bipolar coordinates is the most accurate method
to calculate the force; see previous publications which in-
stead use multipole and lubrication methods to carry out the
calculations28,29,18. Whilst such spherical bipolar methods
have been used in previous studies of hydrodynamic interac-
tions, we can find no reference to their use in the singular
problem studied here.
Second, we have also identified the absence of any analyti-
cal calculations reducing corresponding expressions available
in spherical bipolar coordinates to asymptotic expansions for
the force in the separation distance. Previous such ‘asymp-
totic’ results, such as those in Kim and Karilla18, are, in fact,
not asymptotic and contain divergent terms both as the spheres
approach (which is physically reasonable), and as the spheres
become widely-separated (which is completely unphysical).
This introduces a need for artificial cutoffs, or matching pro-
cedures.
Third, up until now there has been no ratification of the
expressions for the widely used resistance functions XA11, X
A
22
as defined in28 against spherical bipolar coordinates. There
is simply (unquantified) wisdom concerning the inefficiency
of the computation of the XA11, X
A
22 as the separation distance
tends to zero29. Pertaining to this, we provide the numerical
comparison and identify the short comings in using the series
representations of XA11, X
A
22 for practical applications.
Finally, the motivation to carry out the spherical bipolar co-
ordinate calculation and asymptotic expansion are for appli-
cations to the authors’ numerical methods receiving increas-
ing attention for modelling systems in engineering, biology
and physics: dynamical density functional theory (DDFT)
and discrete element method (DEM). For DDFT, the numer-
ical schemes are exponentially more accurate when using
smoothly decaying representations for hydrodynamic inter-
actions (rather than matched, non-differentiable approxima-
tions). For DEM, one requires accurate knowledge of position
of the hard cutoff of the asymptotic expressions for the force,
if such a cutoff exists at all.
A. The Online Programs
We clarify notation: r1, r2 are the radii of spheres 1 and
2 respectively, λ is the sphere radii ratio, s is the nondimen-
sional separation used in28, ξ is s shifted by two, and h is the
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h/r1
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101
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F
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z
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XAij equation (3.17)
XAij equation (3.13)
FIG. 4: The force on sphere 1 comparing various formalisms
with λ = r2/r1 = 1: spherical bipolar coordinates
(black-solid), asymptotic expansion ofF 1z obtained by
spherical bipolar coordinates (red-dot-dashed), XA11
(cyan-dot-dashed) as computed using provided 15 terms in27
for the equation (3.13) in28, the expansion of XA11 including
the order 1 term AX11 equation (3.17) (blue-dot-dashed)
28.
dimensional sphere surface separation. The following hold
λ =
r2
r1
, s−2 = 2 h/r1
1+λ
, ξ = s−2.
The existing programs consist of Fortran code for the re-
sistance functions XA11 (and X
A
22) as defined in
28, provided by
D.J. Jeffrey, and available at27. The functions XA11 and X
A
22 are
expressions for the force normal to the sphere surfaces due
to sphere 1 and sphere 2, respectively. We now demonstrate
that our corresponding functions F 1z and F
2
z are more accu-
rate than XA11 and X
A
22 in computing the force both for arbitrary
sphere size ratios and for arbitrary sphere separations. See
Figures 4 and 5.
For Figure 4 we computed both the XA11 by using equation
(3.13)28 and via the expansion form (3.17)28 using the first
300 terms fm as provided by the code30 and compared to the
results obtained by spherical bipolar coordinates. Indeed Fig-
ure 4 shows a substantive difference in the singular behaviour
between the spherical bipolar and multipole formalisms, par-
ticularly in the small argument region where many summand
terms are required for an accurate representation of XA11. The
largest shortcoming of the multipole method is that the co-
efficients of summand of XA11, denoted fk(λ ), are not all
known for all λ and require large computing resources27,29.
When computing more fm(λ ) the authors found the solution
of recurrence relation (3.9)28 increasingly difficult for both m,
λ → ∞. For the expanded version of XA11 given by eq (3.17)28
the behaviour can be understood by closely looking at the for-
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FIG. 5: The force on unequal spheres for r2/r1 = 4: spherical
bipolar coordinates (solid), asymptotic expansion ofF 1z
obtained by spherical bipolar coordinates (dot), XAi j as
computed using 15 terms in the equation (3.13)28, the
expansion of XA11 including the order 1 term A
X
11 equation
(3.17) (dashed)28.
mula for the order 1 term AX11 (3.17)
AX11 = 1− 14g1
+
∞
∑
m=2
m even
[2−m(1+λ )−m fm(λ )−g1−2m−1g2+4m−1m−11 g3]
where g1(λ ), g2(λ ), g3(λ ), m1(m) are all known. We see that
this series has a divergent term, namely −2m−1g2. Using this
formula for AX11 and the expansion as ξ → 0 one has
XA11 = g1(λ )ξ
−1+g2(λ ) logξ−1
+AX11(λ )+g3(λ )ξ logξ
−1 as ξ → 0,
which we compare to the expansion F ez (52) as well as the
formulaF 1z valid for arbitrary separations. See Figure 5.
It is apparent from Figure 5 (using the first 15 terms as pro-
vided by27) that when using the infinite series formula for XA11
to compute the force for a larger aspect ratio r2/r1 = 4 we see
a considerable disagreement with the calculations obtained in
spherical bipolar coordinates. The XA11 may perform better in
the near field when more fm are known, but computing these
coefficients is inefficient for practical applications, and more
so for larger aspect rations λ → ∞ as we found when calcu-
lating more than 15 fm for the purposes of this work. We are
confident in the calculation of XA11 used to produce Figures
4-5 because we were able to reproduce the tabulated values
of AX11(1) as listed in section 3.3. Arbitrary separations in
28.
Meanwhile the spherical bipolar formalism gives an explicit
formula for all summand terms and provides the correct decay
structure both as the centre distance decreases and increases.
We therefore contend that the results obtained using spheri-
cal bipolar coordinates are more efficient, accurate and cannot
already be produced with existing methods.
B. The Contributions Beyond Kim & Karrila
With accurate and efficient formulae for the force between
two unequal spheres converging along their line of centres
valid at arbitrary separations in hand, the natural contributions
beyond Kim & Karrila lie in quantifying the errors incurred
by widely used methods for short range hydrodynamic inter-
actions (multipole methods and lubrication theory). The typi-
cal methodology for short range hydrodynamic interactions in
such particle simulations is to ‘glue’ the near and far field for-
mula together with an overlap parameter, however this method
is fundamentally flawed because a priori the two fields do not
agree in any intermediate region of particle separation (see
Figure 4).
In contrast, the formula obtained in spherical bipolar coor-
dinates is in a sense uniformly accurate for all separations (up
to the particle contact point where the governing equations
break down) and no gluing procedure is required, therefore
reducing the number parameters involved in a given simula-
tion, and producing far more robust results. From inspection
in Figure 4, the cyan and black curves differ substantially at
surface separations equal to roughly 1 sphere radius; we there-
fore claim the spherical bipolar formalism would be useful in
the moderate-dense regime of particle volume fraction in such
simulations. In terms of immediate applications, contributions
lie in many-body flows (e.g. Stokesian Dynamics) for the sus-
pension densities which lie between dense and dilute. We are
working to implement our representation in these methods,
which will be the focus of future work, but we believe that
this lies beyond the scope of the current work.
Additionally we expect our method to perform better for
different particle radii as evidenced by Figure 5, so the contri-
butions of the present work go well into polydisperse particle
systems.
VII. A NUMERICAL APPLICATION TO DDFT
In this section we present a practical application of the re-
sults of the present work by considering numerical solutions
to dynamic density functional theories (DDFTs) to include in-
ertia with lubrication forces. A fully formed, in depth nu-
merical study of solutions to DDFTs with these extensions
will be considered in a separate publication. The aim of this
section is to elucidate to the reader the differences of which
may be observed between the present and existing theories in
computational settings. We consider a large collection spher-
ical colloids immersed in a background bath of many more,
much smaller and much lighter bath particles treated essen-
tially as a continuum. The colloidal particles cause fluid flows
in the bath, in turn causing forces on the colloidal particles
themselves. Physically speaking these forces are considered
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to be short range HI mediated by the bath also known as lu-
brication forces and are prescribed by a friction tensor writ-
ten Γi j = γ1+ γΓ˜i j where γ is the friction coefficient and Γ˜i j
are the HI tensors. The first tensor takes into account Stokes
drag on the ith particle and the second determines the HI be-
tween particle i and particle j. The first and widely accepted
assumption in a continuum description of colloidal disper-
sions is that the HI are limited to two body, that is Γ˜i j(~rN) =
δi j∑l 6=iZ1(~ri,~rl)+(1−δi j)Z2(~ri,~r j). This assumption is par-
ticularly compatible with the present theory since, the solu-
tion to Stokes equations have been determined analytically
and are uniformly valid in sphere separation. Therefore the
property that the total ambient fluid velocity may be parti-
tioned into a sum over all the velocity fields created by the
motions of the individual spheres (see Section 8−5 General-
ized treatment of multiparticle systems8), which require exact
solutions to Stokes equations for two-body sphere motion in
order to determine a well-posed grand resistance matrix K ,
is provided by the present theory. This cannot be said to
hold rigorously for the asymptotic formalisms (Kim & Kar-
rila, multipole methods) since the velocity fields as found by
those methods are valid only in local flow regimes (for exam-
ple near to or far from sphere surfaces). In DDFT, Z1 and Z2
are the translational matrix components of K . We refer the
reader to Goddard et al.31 for the equations of motion that are
now discussed. We numerically solve the inertial DDFT with
two body short range HI (equation (23)31) and present two
solutions: one labelled GMS to denote Z1, Z2 constructed
with the scalar resistance function ((30)) obtained by present
work (Figure 6) and one denoted Kim & Karrila (Figure 7)
which uses the well known, widely used expression (53) to
construct Z1, Z2. A reference solution in both cases with
Z1 = Z2 = 0 is shown in red. For the solution using Kim &
Karrila, a necessary outer cuttoff was chosen at 2 sphere diam-
eters which is accepted in the community as standard23. For
GMS no outer cut off is required. We use the pseudospectral
collocation scheme 2DChebClass to solve equation (23)31 in a
2D planar geometry confining the colloids in a weak quadratic
background potential before driving the colloids from left to
right with a potential flow. We take γ = 2, with 50 colloids,
but many more may be included since the dimensionality of
DDFT is independent of the number of colloids. Figures 6,
7 show a substantial difference in the evolution of the density
ρ (and flux) of the suspension, in particular Kim & Karrila
appears to underestimate the effect of the lubrication force on
the overall dynamics of the density, where as GMS shows the
onset of extrusion in the density contours not visible using ex-
isting theory.
VIII. DISCUSSION AND OPEN PROBLEMS
Beyond the obvious application in dilute suspensions where
pair particle HI dominate, we expect that the derived formulae
can be implemented in all numerical methods that incorpo-
rate the existing lubrication models and improve the simula-
tion accuracy, in particular for dense suspensions. We discuss,
as examples, the potential application to and impact on a few
(a) t = 0.00
(b) t = 4.00
FIG. 6: Numerical solution of DDFT31 including the present
theory.
different types of numerical methods.
For methods solving particle dynamics using Newtonian
equations, the new formulae can be used to directly com-
pute the hydrodynamic forces. Instead of using the existing
formulae (Fz) with an arbitrary outer cut off e.g.32, imple-
menting either the exact F 1z or the asymptotic F
∗
z formulae
could better capture the hydrodynamic interaction between
10−1r1 and 100r1, as seen in Figure 2a. This is expected to
improve suspension viscosity predictions, compared to using
Fz, which underestimates the viscosity especially at moderate
concentrations32.
Computational formalisms which use the closed asymp-
totic formula Fz in-line can be trivially updated with the new
asymptotic formulaeF ∗z , meaning the applications of the pre-
sented results may also extend more generally to, e.g., lat-
tice Boltzmann method33 and Stokesian dynamics (SD)34. SD
takes into account singular lubrication interactions by making
use of the explicit formulae Fz between pairs of close particles
without considering the lubrication many-body effects, thus
forgoing the large number of degrees of freedom required to
resolve the lubrication flow of the interstitial fluid between
particles. The missing many-body effects are considered in
a more recent work35 by decomposing the velocity field into
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(a) t = 0.00
(b) t = 4.00
FIG. 7: Numerical solution of DDFT31 including the existing
theory.
a singular flow containing the short-range lubrication interac-
tions and a remainder field which is regular and dealt with
using a chosen fluid solver. Such methods may seek to use the
present stream function ψ for the decomposition. Meanwhile
new approaches23 have been proposed to overcome unphysi-
cal results in pairwise lubrication models due the lost screen-
ing effects provided by neglected long-range HI. The present
work can determine the deficit in lubrication beyond the criti-
cal interaction radius used in these methods.
Lastly, for continuum approaches such as dynamical den-
sity functional theory5, the inclusion of long range HI has
been shown to produce qualitatively different colloidal fluid
flows compared to systems without HI. So far the physical
phenomena included in the governing fluid equations has ex-
tended to: inertial colloids with long range HI31, systems of
multiple-species36 and particles with angular dependence37.
Thus we expect natural numerical implementations of the
present formulae to include lubrication interactions in the
DDFT modelling formalism. In particular, for DDFT, since
the terms corresponding to HI take the form of convolution
integrals it is desirable to have explicit continuous integrands
(and decay estimates) for the hydrodynamic interaction valid
at all separations in order to ensure the convergence of these
terms, which is what the current formalism provides.
Finally we remark that the rate of convergence of the force
asymptoting to unity at infinity will depend on r2/r1, as seen
in Figure 2b, and therefore we anticipate the novel study of
bulk flow properties using the F 1z , F
2
z in the modelling of
suspensions involving multiple species.
We have presented a new formula for the hydrodynamic
force exerted on two converging spheres in viscous fluid in a
functional form, as well as asymptotic formulae as the spheres
are close, showing good agreement with the exact value even
at centre to centre distances of O(1). By construction, the
derivation of this functional form provides the way for consid-
eration of alternative boundary conditions. For the asymptotic
results, the small argument limit newly derived shows better
agreement with the exact solution compared to that from ex-
isting lubrication theory. The sphere plane limit may also be
recovered more accurately. There are many promising exten-
sions which may naturally be made to the theory presented
here such as: alternative boundary conditions to model slip-
pery particles and the shearing motion of two spheres con-
verging perpendicular to their line of centres akin to14. The
former is generally important in liquid spreading problems38,
in particular,39 has shown from molecular dynamics simula-
tions of Newtonian liquids that there exists a nonlinear rela-
tionship between the amount of slip and the local shear rate of
fluid at a solid surface.
Appendix A: Useful Formulae
In Section III C we use the matrix M = whose entries are
defined by
m11 = cosh(n+ 32 )η1, m21 = cosh(n+
3
2 )η2,
m12 = sinh(n+ 32 )η1, m22 = sinh(n+
3
2 )η2,
m13 = cosh(n− 12 )η1, m23 = cosh(n− 12 )η2,
m14 = sinh(n− 12 )η1, m24 = sinh(n− 12 )η2,
(A1)
and
m31 = (n+ 32 )sinh(n+
3
2 )η1, m41 = (n+
3
2 )sinh(n+
3
2 )η2,
m32 = (n+ 32 )cosh(n+
3
2 )η1, m42 = (n+
3
2 )cosh(n+
3
2 )η2,
m33 = (n− 12 )sinh(n− 12 )η1, m43 = (n− 12 )sinh(n− 12 )η2,
m34 = (n− 12 )cosh(n− 12 )η1, m44 = (n− 12 )cosh(n− 12 )η2.
(A2)
For the computation of (26) in Section IV we find it useful
to define the quantity
wn(η) :=
∫ 1
−1
dxQn(x)
(coshη−x)1/2 = 2
√
2[ e
∓(n+3/2)η
2n+3 − e
∓(n−1/2)η
2n−1 ]
(A3)
where the signs are chosen according to each sphere. The first
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few derivatives of wn(η) are
w′n =− sinhη2
∫ 1
−1
dxQn(x)
(coshη−x)3/2 ,
w′′n =
3 sinh2η
4
∫ 1
−1
dxQn(x)
(coshη−x)5/2 −
coshη
2
∫ 1
−1
dxQn(x)
(coshη−x)3/2 ,
w(3)n =− sinhη2
∫ 1
−1
dxQn(x)
(coshη−x)3/2 +
9 sinhη coshη
4
∫ 1
−1
dxQn(x)
(coshη−x)5/2
− 15 sinh3η8
∫ 1
−1
dxQn(x)
(coshη−x)7/2 .
(A4)
The purpose of these expressions is to allow us to give explicit
forms for certain integrals. In particular let p = 2n+ 1 for
n ∈ N then for Ip/2 :=
∫ 1
−1
dxQn(x)
(coshη−x)p/2 one has the first few
formulae
I3/2 =−2cschηw′n(η),
I5/2 =
4csch2η
3
[
w′′n(η)+
coshη
2 I
n
3/2
]
,
I7/2 =− 8 csch
3η
15
[
w(3)n (η)− 9 coshη sinhη4 I n5/2+ sinhη2 I n3/2
]
.
(A5)
With the Ip/2, the integral(26) may be computed explicitly.
Appendix B: Computing the Series
1. Force evaluation
The following pseudocode describes the algorithm used to
generate Figures 2 b), c) and d). In order to obtain accu-
rate realisations of the forces F 1z , F
2
z , which capture the
boundary layer at α = 0, one needs well distributed evaluation
points. We make use of the pseudospectral collocation scheme
2DChebClass40 to instantiate a set of Chebyshev points pro-
jected onto the half infinite line [0,∞]. In MATLAB we define
the functions GenForcePts, Eta1Eta2 and SumForce. The
function GenForcePts may be called with
CompPts=GenForcePts(ymin,numcollpts,geometricL);
which uses the structure HalfInfSpectralLine from
2DChebClass to generate a set of well distributed force eval-
uation points. The functionals F 1z , F
2
z take the bipolar ordi-
nates η1, η2 which uniquely define a pair of spheres of radii
r1, r2 at a centre distance d. The ordinates may be found in
general by a Newton scheme on (32) performed by the the
function Eta1Eta2 which is called by
eta1eta2 = Eta1Eta2(r1,r2,d,tol);
where tol is the stopping tolerance of the Newton scheme.
Finally the functionals F 1z , F
2
z are computed by truncating
the corresponding infinite series with the function SumForce
called by
[FSphere1, FSphere2, error1, error2, n1,n2]
= SumForce(surfacedistance,r1,r2,toleta);
which returns value of the force on either sphere FSphere1,
FSphere2 at a surface distance surfacedistance and radii
r1=r1, r2=r2. The function SumForce sums consecutive
terms of the infinite seriesF 1z ,F
2
z terminating at the first in-
dex evaluating NaN, characterising the truncation index. Typ-
ically it was observed that as α → 0 the truncation index in-
creases monotonically. The truncation indices of the respec-
tive infinite series F 1z , F
2
z are returned in n1, n2 and the ab-
solute error incurred by the truncations in error1, error2.
The input variable toleta is used as tol.
2. Barycentric-Lagrange Interpolant
The following pseudocode describes the method used to
generate Figure 2 a). In MATLAB we declare
ymin = 1e-4; numcollpts = 101; geometricL = .25;
Get instance of HalfInfSpectralLine class
Geom.N = numcollpts; Geom.L = geometricL;
Geom.yMin = ymin;
S = HalfInfSpectralLine(Geom);
% Get the computational points
CompPts = S.Pts.y;
Then an interpolation matrix may be made by
S.ComputeAll;
S.ComputeInterpolationMatrix([-1:.001:1]’,true);
Note that this matrix may be built without knowledge of
the function data to be interpolated on, as demonstrating the
power of Barycentric-Lagrange interpolation (see41). The
functionals F 1z , F
2
z are evaluated at the set of computation
points TempPts=S.Pts.y(1:end-1) (note that the half infi-
nite spectral line will create a point at infinity which must be
removed for the numerical computation of the infinite series
F 1z ,F
2
z ) by
FVALS = zeros(2,Geom.N-1);
for i=1:Geom.N-1
[s1,s2,e1,e2,n1,n2]=SumForce(TempPts(i),r1,r2,toleta);
FVALS(:,i)=[s1;s2];
end
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FVALS = FVALS(2,:);
FVALS(end-2:end)=1;
FVALS=[FVALS 1];
Note that the final three data points must be set to unity by
hand since i) the two tail terms of the partial sum being com-
puted feature the subtraction of two large numbers causing
computational difficulty ii) the value at inf is exactly 1. The
force data are then interpolated in logarithmic space in order
to overcome the large gradient of ddαF
1
z as α → 0, before ex-
ponentiating
logFINTERP = S.Interp.InterPol*log(FVALS’);
FINTERP = exp(logFINTERP);
Interpolating out of logarithm space was seen to cause oscil-
lations in the interpolant. The interpolant FINTERP may then
be plotted against S.Interp.Pts.
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